
C O N D U C T I N G  L I Q U I D  F L O W  T H R O U G H  

I N  A N O N U N I F O R M  M A G N E T I C  F I E L D  

A .  S .  G o r i n o v  

A CHANNEL 

In th i s  p a p e r  we e x a m i n e  the m o t i o n  of an i n c o m p r e s s i b l e  conduc t ing  l iqu id  in a channel  wi th  non -  
conduc t ing  w a l l s  in the p r e s e n c e  of a h igh ly  nonun i fo rm m a g n e t i c  f i e l d .  

Th i s  p r o b l e m  has  been  s t u d i e d  wi th in  the  f r a m e w o r k  of l i n e a r  t h e o r y  m a n y  t i m e s  [ ] -6 ] .  In the  
fo l lowing  we  p r o p o s e  an  i t e r a t i o n  me thod  fo r  i t s  so lu t ion .  We s tudy  the  g e n e r a l  r e l a t i o n s  b e t w e e n  the 
p a r a m e t e r s  in  the  zone of m a r k e d  m a g n e t i c  f i e ld  v a r i a t i o n  and in the  r e g i o n  of q u a s i - d e v e l o p e d  flow (down- 
s t r e a m  f r o m  the zone of n o n h o m o g e n e i t y  of the m a g n e t i c  f i e ld ) .  The c a l c u l a t i o n s  m a d e  show tha t  the 
r e s u l t s  o b t a i n e d  us ing  l i n e a r  t h e o r y  can  a l s o  be u s e d  f o r  f in i t e  v a l u e s  of the MHD i n t e r a c t i o n  p a r a m e t e r .  

1. We e x a m i n e  the s t a a d y  m o t i o n  of an  i n v i s c i d ,  i n c o m p r e s s i b l e ,  h o m o g e n e o u s l y  and i s o t r o p i c a l l y  
conduc t ive  l i qu id  t h rough  a channe l  [ x [<~o, 0 < y < h in the p r e s e n c e  of an  e x t e r n a l  m a g n e t i c  f i e ld  B = (0, 
0, B ,  b(x)), ( B , =  const)  fo r  s m a l l  m a g n e t i c  R e y n o l d s  n u m b e r s .  (This " e f f e c t i v e "  f i e ld  i s  the r e s u l t  of 
a v e r a g i n g  the e x t e r n a l  m a g n e t i c  f i e l d  wi th  r e s p e c t  to the  z c o o r d i n a t e .  The  s t u d i e d  t w o - d i m e n s i o n a l  f low 
m u s t  a l s o  be  c o n s i d e r e d  a s  a t h r e e - d i m e n s i o n a l  f low which  has  been  a v e r a g e d  in a de f in i t e  fash ion . )  The  
s y s t e m  of MHD equa t ions  d e s c r i b i n g  such  flow has  the  f o r m  [11 

Ou Ou Op Ov Ov Op . Ou Ov 0 
u-b~-~ +~-$~-y = - - - g s  v, u - ~ + ~ - g ~ y = - - - ~ - y - - s b l ~ ' - ~ - ~ + - ~ y =  

O~ Oix .u Oiy ~ 0  
ix = --  ~ -~- vb, iv = - - ~ -  - -  ub,  - ~ -  v Oy 

(~ ~B2h~ (1.1) 
= e~pV ] 

0 . 2 )  

H e r e  u, v, and ix ,  jy  a r e  the d i m e n s i o n l e s s  v e l o c i t y  v e c t o r  c o m p o n e n t s  and  the d e n s i t i e s  of the e l e c -  
t r i c  f i e ld  j ;  p and ~ a r e  the  d i m e n s i o n l e s s  p r e s s u r e  and e l e c t r i c  po t en t i a l ;  z ,  y ,  x a r e  d i m e n s i o n l e s s  
c o o r d i n a t e s ;  ~ and  p a r e  the conduc t iv i ty  and d e n s i t y  of the m e d i u m ;  and V = eons t  is  the v e l o c i t y  a v e r a g e d  
a c r o s s  the channel  s e c t i o n .  We t ake  V, ~ V B , / c ,  V B , h / c  and pV 2 a s  the  c h a r a c t e r i s t i c  v a l u e s  of the v e l o c i t y  
e l e c t r i c  c u r r e n t  d e n s i t y ,  p o t e n t i a l ,  and p r e s s u r e ,  r e s p e c t i v e l y .  We r e f e r  the  c o o r d i n a t e s  to the  channe l  
he igh t  h~ 

The  d i m e n s i o n l e s s  quan t i t y  s i s  the MHD i n t e r a c t i o n  p a r a m e t e r .  

The s y s t e m  (1.1), (1.2) i s  s u p p l e m e n t e d  by  the b o u n d a r y  cond i t ions  at  x = - o o  

In the  seque l  we e x a m i n e  the fo l lowing  b o u n d a r y  cond i t ions  

v = 0 ,  i v = 0  for ~ = 0 ,  y = i  (1.3) 

We s h a l l  e x a m i n e  the e a s e  in which  the e x t e r n a l  m a g n e t i c  f i e ld  d e c a y s  r a p i d l y  o u t s i d e  i t s  zone of 
u n i f o r m i t y .  F o r  a s u f f i c i e n t l y  g r e a t  l eng th  of th is  zone the func t ion  b can  be approx i  m a t e d  by the H e a v i s i d e  
uni t  func t ion  

b (x) = 0 for z < 0, b (x) = i for �9 > 0 (1.4) 

Since  the  f low does  not  i n t e r a c t  wi th  the  m a g n e t i c  f i e ld  a s  x ~ - ~ ,  the a s y m p t o t i c  cond i t ions  in the 
c a s e  in which  r o t  V = 0 a s  x ~ - co have  the f o r m  

v--~0, u--+i for . . . .  (1.5) 
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The  s o l u t i o n  of (1.1)-(1.5)  was  o b t a i n e d  in [1, 4, 6] u n d e r  the  a s s u m p t i o n  of s m a l l n e s s  of s .  The  
so lu t i on  was  c o n s t r u c t e d  in  the f o r m  of s e r i e s  i~ the p a r a m e t e r  s .  

The  e l e c t r i c  p a r a m e t e r s  w e r e  c a l c u l a t e d  in the  z e r o  a p p r o x i m a t i o n  and the  h y d r o d y n a m i c  p a r a m e -  
t e r s  w e r e  c a l c u l a t e d  in the  f i r s t  a p p r o x i m a t i o n .  

The  a i m  of the  p r e s e n t  s tudy  is  to c o n s t r u c t  the  so lu t i on  fo r  f in i te  s and  c l a r i f y  the p o s s i b i l i t y  of 
u s i n g  the  l i n e a r  a p p r o x i m a t i o n  fo r  s ~ 1. 

F o r  s u b s e q u e n t  a n a l y s i s  i t  i s  conven i en t  to w r i t e  (1.1), 0 . 2 )  in the  f o r m  

&o 060 
-E~  + ' ~ = ~ i ~  (~) ( 1 . 6 )  

Ou Ov Ou Ov 
ay ~-x = co, a-~- + ~ = 0 (1.7) 

a &  • a i~ _ n a &  ai~ . 6  (~), ( 1 . 8 )  
ay Ox - -  Ox. ~ ay  - -  

In t h e s e  equa t ions  5(x) = d b / d x  i s  the  D i r a c  de l t a  func t ion  and the quan t i t y  c0 i s  the v o r t i c i t y .  

To ob t a in  (1.6) we m u s t  d i f f e r e n t i a t e  equa t i ons  (1.1) wi th  r e s p e c t t o y  and x and then  s u b t r a c t  one 
f r o m  the  o t h e r .  I t  fo l lows  f r o m  (1.6) tha t  v o r t i e i t y  i s  c o n s e r v e d  a long  s t r e a m l i n e s  f o r  x < 0 and  x > 0. 
S ince  the  v o r t i c i t y  equa l s  z e r o  fo r  x = -oo then  ~0 =- 0 f o r  x < 0. 

The  f i r s t  r e l a t i o n  (1.8) i s  found by  d i f f e r e n t i a t i n g  (1,2). 

R e l a t i o n s  (1.6)-(1.8)  show tha t  a t  the  s e c t i o n  x = 0 s e v e r a l  of the M H D p a r a m e t e r s  a n d t h e i r  d e r i v a t i v e s  
u n d e r g o  a d i s c o n t i n u i t y .  In the fo l lowing  th i s  s e c t i o n  wi l l  be  c o n s i d e r e d  a s u r f a c e  of d i s c o n t i n u i t y  a t  which  
the g e n e r a l  r e l a t i o n s  wh ich  fo l low f r o m  the m a s s  and m o m e n t u m  c o n s e r v a t i o n  l a w s  and the equa t i ons  of 
e l e c t r o d y a n m i c s  m u s t  be s a t i s f i e d  [4]. Thus ,  fo r  x = 0 we have  

[u] = 0, iv] = 0 ,  [pl = 0 ( 1 . 9 )  

[ & l = 0 ,  l / y ] + u ( 0 ,  y ) = 0  (1.10) 

H e r e  the b r a c k e t s  [ ] deno te  the  d i f f e r e n c e  of q u a n t i t i e s  to the r i g h t  and  l e f t  of  the  s e c t i o n  x = 0. 

R e l a t i o n s  (1.9) show tha t  the  p a r a m e t e r s  of an i n c o m p r e s s i b l e  f lu id  t r a v e l i n g  in a channe l  of c o n s t a n t  
s e c t i o n  in the  p r e s e n c e  of v o l u m e  f o r c e  of f in i t e  i n t e n s i t y  v a r y  c o n t i n u o u s l y .  I t  can  be  shown tha t  the  
d e r i v a t i v e s  a u / a y ,  a v / a y ,  8u / ax  a l s o  change  c on t i nuous ly .  H o w e v e r  the  d e r i v a t i v e s  a p / a x ,  a p / a y ,  a v / a x  
(and c o n s e q u e n t l y  co a s  wel l )  u n d e r g o  a d i s c o n t i n u i t y  a t  the  s e c t i o n  x = 0. 

E x p r e s s i o n s  (1.10) fo l low f r o m  con t i n u i t y  of the e l e c t r i c  f i e l d  c o m p o n e n t  n o r m a l  to the s u r f a c e  and 
the t angen t i a l  c o m p o n e n t  of  the  e l e c t r i c  f i e l d .  

I n t e g r a t i n g  (1.6) wi th  r e s p e c t  to x in the  l i m i t s  ( -  e,  + e) and  l e t t i n g  e a p p r o a c h  z e r o ,  w i th  a c c oun t  
f o r  (1.9) we f ind  

ix(0, y) ( 1 . 1 1 )  [col = s u (o, ~) 

Since  co = 0 fo r  x < 0, we ob ta in  f r o m  (1.11) and (1.6) 

0 ( o : <  o) 
co = [col (~ = + o) 

~(z, y) (z>O) (1.12) 

& I0. y --  ~ (z, y)] i v 
f l ( x , y ) - - ~ s  u[0, y - - a ( x ,  y)] ' a(~, V)=a-~-d~ (1.13) 

o 

The  l a s t  r e l a t i o n  in (1.12) is  the i n t e g r a l  of (1.6) fo r  0 < x < oo. 

E q u a t i o n s  (1.7) and  (1.8) wi th  a c c o u n t  fo r  (1 .9)-(1 .13)  can  now be w r i t t e n  in the  f o r m  

ou av f 0 (~<0) , Ou av 
O--y----~-=[~(x, y) (~>0) - y E + - ~ y = 0  ( - - o o < z < o o )  (1.14) 

[ u ] - ~ [ v ] = 0  (x..~-C), v = O  ( y - ~ O ,  y~---h) 

0]~ O]~ aix ~ - -  0 (x r o) 
o - ~ - - - T ~  - = ~  - ~  + oy - -  (1.15) 
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g / 2 
F i g .  1 

The  func t ions  ~ a n d  u in (1.14) and (1.15), r e s p e c t i v e l y ,  a r e  unknowns and 
m u s t  be found as  a r e s u l t  of the so lu t ion  of the p r o b l e m .  

U s i n g  (1.14), we can  ob ta in  the  e x p r e s s i o n  for  the func t ions  u and v in 
t e r m s  of ~ (by the F o u r i e r  me thod ,  f o r  e x a m p l e ) .  

S i m i l a r l y ,  by  so lv ing  the  b o u n d a r y  va lue  p r o b l e m  (1.15), in  which  u(0, y) 
i s  c o n s i d e r e d  a known func t ion  of the  c o o r d i n a t e s ,  we f ind 

~ZlP Lz61 ! ! 

g 3 
2 4 5" 8 

F i g .  2 

/g 

ix  OF 9F 
- -  e - -  ~ u.i~ e_l~nlxl sin (1.16) o y '  i v = - - ~ - ~ ,  = ~ 2 k .  k~y  

k = l  

u (0, y) = ~ u~ sin k~y,  u e ~- 2 u (0, y) sin k:~y dy 
k ~ l  0 

2. We w r i t e  s o m e  r e l a t i o n s  which  fol low f r o m  (1.1), (1.2) 

u+~(O)--t--2P, P = p ( - - ~ ) - - p ( + c ~ )  

P = ,+, dy- ,  -~ I lis (o ~) dy d~ 
0 oo 

'/z 

u+ 2 (1/2) - -  u+ ~ (0) -~ 2s I Ix (0, y) dy 
o 

(2.1) 

(2.2) 

(2.3) 

M o r e o v e r ,  f r o m  (1.13) 

lira du+ ._~ S lim ix (0, y) (u+ = lim u (x, y)) (2.4) 
v--~o dy y~o u (0, y) x~4-oo 

If u(0, y) i s  known,  t h e s e  f o r m u l a s  m a k e  i t  p o s s i b l e  to r e p r e s e n t  u+{y) a p p r o x i m a t e l y  in the f o r m  of 
a p o l y n o m i a l ,  a f t e r  i s o l a t i n g  the s i n g u l a r i t y  a t  the w a l l .  H e r e  the  func t ion  ix(0,  y) i s  known f r o m  (1.16). 

The  c a l c u l a t i o n s  m a d e  i t  p o s s i b l e  to conc lude  tha t  in th i s  c a s e  the  func t ion  u+(y) de pe nds  w e a k l y  on 
the  cho ice  of the p r o f i l e  u(0, y) and fo r  f i xed  d i s c h a r g e  i s  de f ined  p r i m a r i l y  by  the quan t i t y  x~ 

3. L e t  us  e x a m i n e  the fo l lowing  i t e r a t i v e  p r o c e s s .  We t ake  a s  the  z e r o  a p p r o x i m a t i o n  the  func t ions  

o ) o ~ o ,  u o - - l ,  v o - o .  ixo--~--/xo(x,y), / u o = / y o ( x , y )  (3.]) 

The  func t ions  Jx0 and Jy0 a r e  c a l c u l a t e d  us ing  (1.16), in which  u(0, y)  ~- 1. The  f i r s t  a p p r o x i m a t i o n  
a r e  the func t ions  

(01 (X, ~l), Ul, Yl, /Xl,  / y l  (3.2) 

The  func t ions  c01 and ~ l  a r e  c a l c u l a t e d  wi th  the a i d  of (1.12) and (1.13) in wh ich  Jx = ix0, u = u0, v = v0. 
The  d i s t r i b u t i o n  of the  v e l o c i t i e s  ul ,  v l  i s  found f r o m  (1.14), w h e r e  ~ = ~ l  (x, y) and  i s  c a l c u l a t e d  u s i n g  
the F o u r i e r  f o r m u l a s  o r  by  any o t h e r  me tho d .  The e l e c t r i c  c u r r e n t s  Jxl and Jyl a r e  found f r o m  (lo8) and 
a r e  c a l c u l a t e d  u s i n g  (1.16), in w h i c h  u(0, y) = ui  (0, y) .  The s e c o n d  and s u b s e q u e n t  a p p r o x i m a t i o n s  a r e  
found s i m i l a r l y .  

We note  tha t  the q u a n t i t i e s  (3.1) co inc ide  wi th  t e r m s  of s e r i e s  hav ing  z e r o  o r d e r  of s m a l l n e s s  in the 
p a r a m e t e r  s , and the q u a n t i t i e s  (3.2) co inc ide  with  the  c o r r e s p o n d i n g  s u m s  of t e r m s  of z e r o  and f i r s t  
o r d e r .  H o w e v e r ,  when us ing  the i t e r a t i v e  m e t h o d  the p a r a m e t e r  s i s  not  a s s u m e d  s m a l l .  In p r i n c i p l e  i t  
i s  p o s s i b l e  to w r i t e  out  in a n a l y t i c  f o r m  any i t e r a t i o n ,  h o w e v e r , t h e  v o l u m e  of the c a l c u l a t i o n s  when  us ing ,  
fo r  e x a m p l e ,  the F o u r i e r  m e t h o d  i n c r e a s e s  wi th  the  i t e r a t i o n  n u m b e r  so  r a p i d l y  tha t  the u se  of the  h i g h e r  
a p p r o x i m a t i o n s  b e c o m e s  i m p o s s i b l e  in p r a c t i c e .  

To e s t i m a t e  the  r a t e  of c o n v e r g e n c e  we s h a l l  e x a m i n e  the fo l lowing  m o d e l  p r o b l e m .  We a s s u m e  tha t  
in (1.14), (1.15) 

~ = s  is(0, y) 
u (0, y) (3.3) 

The s o l u t i o n  of th i s  p r o b l e m  c o r r e s p o n d s  to the  v o r t i c i t y  c o n s e r v a t i o n  cond i t i on  a long  the l i n e s  y = 
c o n s t  (for x > 0) r a t h e r  than  a long  the s t r e a m l i n e s .  F r o m  the so lu t i on  of (1.14) fo r  ~ = ~(y)  we can  f ind  
tha t  

u+ (y) - -  i = 2 (u (0, y) - -  I) ( 3 . 4 )  
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Fig~ 3 

Since f~ = du+/dy as x -~ ~, we find from (3.3) 

1 1 
dy u(O, y) ' u+dy= u(O, y) dy--=l 

0 0 

Using (3.4), we obtain the equation 

1 

du~ I 2~ o-~-y =#~(0, y), ~~ (~~ y)) (3.5) 
0 

Q5 

The function jx(0, y) is expressed  in t e rms  of u ~ with the aid of the 
solution (1.16). 

The i terat ive p rocess  consists  in sequential determination of the 
functions ix(0, y) f rom (1.16) and u ~ by solution of the nonlinear equation 
(3.5). We take as the initial value u~ - 1. 

The resul ts  of the solution of the model problem are  shown in Fig. 1 
where the dark c i rc les  are  the values of the asymptot ic  velocity at the wall 
u+ (D = u+ (0) = u+ w, calculated on a computer  with the aid of three i tera-  

t ions for s = 5. We see that the difference between the second and third approximations is so small that 
only two i terat ions are  neces sa ry  for  a computational accuracy  of one percent .  

If an e r r o r  of no more  than 5% is tolerable we can use only the f i rs t  i teration.  We note that the 
solution of the model problem does not cause any difficulty and the formulated algori thm permi ts  obtaining 
the solution with a rb i t r a ry  precis ion.  

There  is good reason to believe that the nature of the convergence of the process  in solving (] . ] ) - ( ] .5)  
will be the same as for the model equation. 

Let  us find the p r e s s u r e  drop in the channel using (2~176 Using only the zero  i teration, we find 

The f i r s t  i terat ion yields 

l y  

Pe-~---.~ I!/xo(O , y) d y d y  
00 

PI~-~-f u2~ +ldY-- l - - s ! ! /x l (O,  y) d y d y  
o oo 

(3.6) 

(3.7) 

The quantity P0 cor responds  to the calculation using l inear  theory.  

The p re s su re  losses  P0 and Pt a re  shown in Fig.  2. 

We see f rom the figure that l inear  theory yields quite sa t i s fac tory  resul ts  up to s = 3-5. It is 
significant that the p r e s s u r e  drop calculated using l inear  theory is too high. 

Le t  us find the asymptot ic  velocity profile in the second approximation (second iteration). 

This can be done approximately by using (2.1)-(2.4) and not solving the problem (1.14) with ~ known 
f rom the f i rs t  approximation.  

After  isolating the singulari ty at the wall of the channel, we used here  the t r igonometr ic  approximation 
of the function. 

Figure  3 shows the velocity u+l (dashed) determined using l inear  theory [3] and the velocity u+2 
(continuous) calculated in the second approximation.  The resul ts  of the calculation of u+ w are  also shown 
in Fig.  ] (open c i rc les) .  We see that the nature of the i terat ive p rocess  convergence is the same as in 
the model problem.  

The author wishes to thank A. B. Vatazhin for his ass is tance and interest  in this study. 
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